Logarithmic Corrections to the Entanglement Entropy by Park, Chanyong
ar
X
iv
:1
50
5.
03
95
1v
4 
 [h
ep
-th
]  
31
 D
ec
 20
15
APCTP Pre2016 - 001
Logarithmic Corrections to the Entanglement Entropy
Chanyong Park∗
Center for Quantum Spacetime, Sogang University, Seoul 121-742, Korea
Asia Pacific Center for Theoretical Physics, Pohang, 790-784, Korea
Department of Physics, Postech, Pohang, 790-784, Korea
ABSTRACT
In a d-dimensional conformal field theory, it has been known that a relevant deformation opera-
tor with the conformal dimension, ∆ = d+22 , generates a logarithmic correction to the entanglement
entropy. In the large ’t Hooft coupling limit, we can investigate such a logarithmic correction holo-
graphically by deforming an AdS space with a massive scalar field dual to the operator with ∆ = d+22 .
There are two sources generating the logarithmic correction. One is the metric deformation and the
other is the minimal surface deformation. In this work, we investigate the change of the entanglement
entropy caused by the minimal surface deformation and find that the second order minimal surface
deformation leads to an additional logarithmic correction.
∗e-mail : chanyong.park@apctp.org
1 Introduction
The entanglement entropy is an important quantity as an order parameter of the quantum phase
transition and describes the entanglement between quantum states. Recently, much attention has
been paid to account for various quantum aspects of the condensed matter system as well as of the
dual field theory in the AdS/CFT context. Although the entanglement entropy is well defined in
the quantum field theory (QFT), it is usually formidable to calculate the entanglement entropy of
an interacting QFT. In this situation, the AdS/CFT correspondence [1, 2, 3, 4, 5] can shed light on
understanding the entanglement entropy of a strongly interacting system via a relatively simple dual
gravity calculation.
For a two-dimensional conformal field theory (CFT), the exact entanglement entropy has been
known due to the conformal symmetry and modular invariance [6, 7, 8]. In [9, 10, 11], authors
have proposed how to calculate the entanglement entropy holographically in the dual gravity, which is
usually called the holographic entanglement entropy. Similar to the black hole entropy, the holographic
entanglement entropy is geometrized as the area of the minimal surface ending on the entangling
surface
S =
2πA
κ2
, (1)
where A denotes the area of the minimal surface. It has been proven that the holographic entan-
glement entropy can exactly reproduce the results obtained in the two-dimensional CFT [9, 10]. In
the AdS/CFT context, a strongly interacting CFT is dual to a weakly curved gravity so that one
can easily apply the holographic method to higher dimensional interacting CFTs. As a result, the
AdS/CFT correspondence can alleviate our labors to calculate the entanglement entropy [12]-[29].
The holographic analysis has shown that, when one considers a subsystem in a disk-shaped region, the
A-type central charge appears as the coefficient of the logarithmic term. In this case, the logarithmic
term is universal in that it is independent of the regularization scheme [9, 10]. However, its existence
crucially relies on the dimension and shape of the entangling surface.
In [30], it has been argued that there can exist another logarithmic correction when one deforms
a d-dimensional CFT by the relevant operator with a specific conformal dimension
∆ =
d+ 2
2
. (2)
Unlike the aforementioned logarithmic term related to the central charge, the additional logarithmic
correction appears regardless of the shape of the entangling surface and is proportional to the entan-
gling surface area [31, 32]. From the perturbation calculation [33, 34, 35, 36], those facts have been
checked in a four-dimensional free massless fermion theory deformed by a fermion mass term [35]. In
this case, the additional logarithmic correction occurs at the second order perturbation. This is the
story of a free CFT. Although the conformal perturbation theory is well defined even in an interacting
CFT, in practice it is not easy to calculate the entanglement entropy because of nontrivial quantum
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corrections. So it is interesting to ask whether the similar additional logarithmic correction occurs
in a strongly interacting CFT. The holographic method enables us to investigate such a logarithmic
correction even in the strong coupling regime [37].
In general, a relevant operator deforms IR physics of the CFT. On the dual gravity side, such
a deformation is realized as the modification of an inner geometry which also alters the area of the
minimal surface. In [37], authors have investigated the logarithmic correction caused by the metric
deformation in detail. They have found the general form of the logarithmic term caused by the metric
deformation. In addition, they also showed that a more general relevant operator with ∆ = (2n−1)d+22n ,
where n denotes an integer number, can lead to a more general logarithmic term
δS ∼ λ2nAΣ log
(
λ2n/(d−2)ǫ
)
. (3)
Note that in a free theory composed of bosons and fermions there is no such operator with the above
conformal dimension for n > 2. Regarding an interacting CFT, however, the conformal dimension
can be shifted due to quantum corrections. For magnon’s and spike’s solutions having large conformal
dimensions, their anomalous dimensions have been studied in numerous background geometries [38]-
[45]. Therefore, it seems to be natural in an interacting QFT to take into account a quantumly dressed
operator with the above nontrivial conformal dimension.
On the dual gravity side, the relevant deformation generally modifies both the inner geometry and
the minimal surface area. In [37], only the first order deformation of the minimal surface has been
taken into account. As will be seen, it trivially vanishes due to the symmetry of the original action.
However, higher order deformations still survive and nontrivially contribute the entanglement entropy.
In this work, we will investigate the entanglement entropy generated by higher order minimal surface
deformations. Interestingly, we find that such higher order deformations can yield an additional loga-
rithmic correction. In a disk-shaped region for d = 3 and 4, we explicitly calculate the entanglement
entropy and show that the second order minimal surface deformation leads to an additional logarith-
mic term. It together with the result obtained by the metric deformation determines the coefficient of
the logarithmic correction exactly because there is no more logarithmic term caused by higher order
metric and minimal surface deformations.
The rest of this paper is organized as follows: In Sec. 2, we summarize higher dimensional holo-
graphic entanglement entropies and the conformal perturbation theory deformed by a relevant opera-
tor. In Sec. 3, we summarize a geometry deformed by a massive scalar field and a general logarithmic
term caused by the metric deformation. In addition, we account for the possibility of an additional
logarithmic term caused by the minimal surface deformation. In Sec. 4, we explicitly calculate the
entanglement entropy of the deformed theory and shows that there really exists an additional loga-
rithmic term caused by the second order minimal surface deformation for d = 4 and 3 examples. We
finish our work with some concluding remarks in Sec. 5.
2
2 Relevant perturbation in CFT
The entanglement entropy is an important concept to understand quantum aspects of a QFT. It
measures the entanglement between quantum states. In a two-dimensional CFT, especially, its analytic
form has been known due to the conformal symmetry and modular invariance. Interestingly, this result
has been reproduced from a gravity theory defined on the AdS3 space and further generalized to higher
dimensional cases [9, 10]. We begin with summarizing those results.
In a d-dimensional CFT, when a subsystem lies in a thin strip with a width l, the holographic
entanglement entropy is given by the area of a minimal surface extended in AdSd+1
A =
2Rd−1
d− 2
(
L
ǫ
)d−2
− 2
d−1π(d−1)/2Rd−1
d− 2

Γ
(
d
2(d−1)
)
Γ
(
1
2(d−1)
)


d−1(
L
l
)d−2
, (4)
where L and ǫ indicate a size of the total system and a UV cutoff respectively. The AdS radius is
denoted by R. From now on, we set R = 1 for simplicity. This result expresses the entanglement
entropy of vacuum states. Above the first term shows the area law of the entanglement entropy. In
general, the entanglement entropy of a thin strip has no logarithmic divergence except the d = 2 case.
When a subsystem resides in a disk instead of a strip, the entanglement entropy usually depends on
the dimension of the space on which the CFT is defined. When d is odd it becomes [9]
A = Ωd−2
[
1
d− 2
(
l
ǫ
)d−2
+ F +O
(ǫ
l
)]
, (5)
while it for d =even gives rise to
A = Ωd−2
[
1
d− 2
(
l
ǫ
)d−2
+ a′ log
(
l
ǫ
)
+O(1)
]
. (6)
Only for even d, a logarithmic term with a′ = (−)d/2−1 (d−3)!!(d−2)!! appears. This term is universal in that
it is independent of the regularization scheme. As shown in the AdS3 example [9, 10], a
′ is related to
the central charge of the dual CFT. In a higher dimensional CFT, a′ is related to an A-type central
charge. As a consequence, the logarithmic term related to the central charge crucially depends on the
dimension and shape of the entangling surface.
Recently, it has been discussed that a relevant operator with the specific conformal dimension can
provide an additional logarithmic term [30], which has been checked in a free CFT [31, 32, 33, 34, 35].
In a conventional QFT defined on a Euclidean space, the action is given by a functional of the metric
and fields. If the system resides in the vacuum state |0〉, the reduced density matrix of a subsystem
A is represented as the trace of the density matrix over its complement denoted by A¯
ρ0 = Tr A¯ |0〉 〈0| ≡ e−K0 , (7)
3
where K0 means the modular Hamiltonian. In general, the modular Hamiltonian is unknown except
several cases, planar and spherical entangling surfaces. For a planar entangling surface embedded in
a flat space, the modular Hamiltonian is proportional to the Rindler Hamiltonian [33, 34, 35]
K0 = −2π
∫
Σ
dd−2x
∫
∞
0
dx1 x1 T22, (8)
where Σ is the entangling surface. Here coordinates, xµ = {xa, yi}, indicate transverse and longitudinal
directions along the plane surrounded by the entangling surface. Above x1 and x2 correspond to
orthogonal coordinates. In this case, the entanglement entropy is expressed as the Von-Neumann
entropy
S0 = −Tr (ρ0 log ρ0) = 〈0 |K0| 0〉 , (9)
where the last term indicates a Euclidean path integral over the entire manifold with insertion of K0
[14, 33, 34, 35].
Now, let us deform the CFT with a relevant operator O. Then, the deformed modular Hamiltonian
can be written as
K = K0 + λO ≡ K0 + λ
∫
d4x O(x), (10)
where K0 denotes the modular Hamiltonian of the undeformed CFT. Expanding the deformed entan-
glement entropy, S = Tr
(
e−KK
)
, in the small coupling limit (λ ≪ 1), its first order variation with
respect to the coupling constant leads to
∂S
∂λ
∣∣∣∣
λ=0
= −〈KO〉λ=0 +
〈
∂K
∂λ
〉
λ=0
= −〈K0O〉+ 〈O〉 , (11)
where 〈· · ·〉 indicates Tr (e−K0 · · ·). In order to obtain the last equality we used the fact that the
undeformed theory is independent of λ. Note that the last term automatically vanishes, 〈O〉 = 0, due
to the normalization, Tr e−K0 = Tr e−K = 1. The variation of the entanglement entropy at second
order yields
∂2S
∂λ2
∣∣∣∣
λ=0
= 〈KOO〉λ=0 −
〈
∂K
∂λ
O
〉
λ=0
= 〈K0OO〉 − 〈OO〉 . (12)
Combining these results, the change of the entanglement entropy up to second order can be written
as the sum of correlation functions between the deformation operator and the undeformed modular
Hamiltonian
δS = −〈K0O〉λ+ 1
2
(
〈K0OO〉 − 〈OO〉
)
λ2 + · · · . (13)
The correlator 〈TµνO〉 vanishes for a CFT, so does 〈K0O〉 because K0 ∼ Tµν [35]. The first nonvan-
ishing contribution consequently appears at λ2 order. When CFT correlation functions are given by
[35, 46, 47]
〈O(x2)O(x3)〉 = N
(x2 − x3)2∆ , (14)
〈Tµν(x1)O(x2)O(x3)〉 = 1
xd12x
2∆−d
23 x
d
31
tµν(Xˆ23), (15)
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where
tµν(Xˆ23) =
d∆N
(d− 1)Sd
(
XˆµXˆν − 1
d
δµν
)
and X23 =
x21
x221
− x31
x231
, (16)
with
Xˆµ =
Xµ√
X2
, xij = xi − xj, (17)
their integrals give rise to [35]
〈OO〉 ≡
∫
ddx
∫
ddy 〈O(x)O(y)〉
=
Nπd/2+1
∆− (d− 1)/2
Γ(∆ − d/2)AΣ
Γ(∆)
∫ l
δ
dx1 x
d−2∆+1
1 , (18)
and
〈K0OO〉 = (2π)2
∫
dd−2y
∫
∞
0
dx1x1
∫
dd−2y¯
∫ 0
−∞
dx¯1x¯1
∫
ddz 〈T22(x)O(x¯)O(z)〉
=
4d∆Nπd+1
d(d − 1)(d − 2∆)(d − 2∆ − 1)Sd
Γ(∆− d/2)AΣ
Γ(∆)Γ(d/2)
∫ l
δ
dx1x
d−2∆+1
1 , (19)
where l = λ1/(∆−d) is introduced as an IR cutoff.
Now, consider a free massless fermion theory as the undeformed CFT and deform it by a fermion
mass term, λ = m and O = ψ¯ψ. In this case, the deformation operator corresponds to the relevant
operator with the conformal dimension ∆ = 3. From the fermion propagator of the free massless
fermion theory 〈
ψ¯(x)ψ(0)
〉
=
1
S4
γµx
µ
x4
, (20)
where γµ is a Euclidean gamma matrix and S4 denotes a solid angle, the two-point correlation function
of O reads
〈O(x)O(0)〉 = 4
S24
1
x6
. (21)
Note that, if one takes into account an interacting fermion theory as the undeformed CFT, the con-
formal dimension of a fermion field and the stress tensor may be modified due to the interaction and
quantum corrections. Comparing (21) with (14), the normalization constant is given by N = 4
S2
4
.
In a small mass limit, this relevant deformation causes a small change of the entanglement entropy
according to (13). Using the above normalization constant, the small change of the entanglement
entropy leads to the following logarithmic correction at second order [31, 32, 35]
δS =
1
12π
m2AΣ log (mǫ) . (22)
In sum, the additional logarithmic correction in a d-dimensional CFT occurs at λ2 order when the
relevant operator has the conformal dimension ∆ = d+22 . It would be interesting to ask whether
the operator with the same conformal dimension can generate a similar logarithmic correction in a
strongly interacting CFT. In the next section, we will look into this issue by using the AdS/CFT
correspondence.
3 General logarithmic correction in the strong coupling regime
In a d-dimensional free CFT, a scalar operator composed of NB bosons and 2NF fermions has the
following conformal dimension
∆free =
d− 2
2
NB + (d− 1)NF , (23)
where the number of fermions should be even for the Lorentz invariance. In a free CFT, we can
easily see that there is no operator with ∆ = (2n−1)d+22n for n ≥ 2 because ∆free is always bigger
than ∆. However, this is not true in an interacting theory because quantum corrections alters the
conformal dimension through the anomalous dimension. In the large conformal dimension limit,
anomalous dimensions of the scalar operators have been widely investigated in [38]-[45]. Furthermore,
the anomalous dimension of the Konishi operator with a low conformal dimension has been studied
in [57, 58, 59, 60]. Due to these quantum effects, scalar operators with ∆ = (2n−1)d+22n may exist in an
interacting CFT.
Let us consider a CFT deformed by a scalar operators, O, with ∆ = (2n−1)d+22n in the strong
coupling limit. According to the AdS/CFT correspondence, it can be dual to the following gravity
theory
S =
∫
dd+1x
√
−G
[
1
2κ2
(R− 2Λ) − 1
2
(∂φ)2 − 1
2
m2φφ
2
]
. (24)
If we denote a source as λ, it should scale λ→ Ω−∆sλ with ∆s = d−22n under xµ → Ωxµ. This scaling
behavior is encoded into the asymptotic solution of a dual bulk field with the following mass
m2φ = −
(d− 2) [(2n− 1)d+ 2]
4n2
, (25)
which is always bigger than the Breitenlohner-Freedman bound, −d2/4, for d > 2. Therefore, the
deformation we consider is stable in the AdS geometry. Since the relevant deformation does not
significantly change the theory in the asymptotic region, we can take the following metric ansatz
ds2 =
1
z2
(
f(z)ηµνdx
µdxν + dz2
)
, (26)
where the deviation from AdS is encoded into f(z). The perturbative solution of φ in the asymptotic
region is expanded into
φ = λz∆s
(
1 + · · · + cz∆−∆s log z + · · ·)+ 〈O〉 z∆ (1 + · · ·) , (27)
where λ and 〈O〉 are two integration constants. Note that since the deformation we consider is
proportional to φ2, the deformed theory should be invariant under φ → −φ (λ → −λ and 〈O〉 →
−〈O〉). When ∆/∆s is an integer, two independent solutions of the second order differential equation
become degenerate at z∆ order. Therefore, the correct perturbative solution requires an additional
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logarithmic term at z∆ order. For d = 3 and d = 4, since ∆/∆s is always an integer, the perturbative
solution of the deformed AdS geometry should have a logarithmic term. This is the reason why we
include cz∆ log z in (27) where c is again fixed by λ and 〈O〉. If ∆/∆s is not an integer, there is no
such logarithmic term so that c must be zero. Then, its gravitational backreaction in the asymptotic
region is given by
f(z) = 1 + d1λ
2z2∆s + · · · + dnλ2nz2n∆s + · · ·+
(
dd−∆s + d
′
∆ log z
)
zd + · · · , (28)
where all dn’s are again uniquely determined in terms of two integral constants. The logarithmic
term in the metric appears due to the combination of λz∆s and cλz∆ log z in φ. Note that the above
metric involves a zd−2 term at n-th order. This metric deformation leads to a generalized logarithmic
correction [37]
δS ∼ λ2nAΣ log
(
λ2n/(d−2)ǫ
)
. (29)
Now, let us take into account the entanglement entropy in a disk-shaped region. To obtain it for
λl∆s ≪ 1, we need to expand the minimal surface near the known solution, z0 =
√
l2 − ρ2,
z(ρ) = z0 +
∑
i=1
(
λl∆s
)i
zi. (30)
In [37], authors have considered the first order minimal surface deformation, which does not contribute
to the entanglement entropy because z1 is not invariant under λ → −λ. In general, zi with i = odd
automatically vanishes due to the invariance under λ → −λ. When i is even, there exist nontrivial
minimal surface deformations contributing to the entanglement entropy. Intriguingly, the 2n-th order
minimal surface deformation involves λ2nl2n∆s = λ2nld−2 which can be rewritten as λ2nAΣ after
multiplying the solid angle of the entangling surface, Ωd−2. This implies that the 2n-th order minimal
surface deformation can gives rise to the same coupling dependence appearing in the logarithmic term
in (29). In other words, there is the possibility to obtain a new logarithmic correction caused by the
minimal surface deformation. In the next section, we will investigate such a new logarithmic correction
generated by the minimal surface deformation. For n > 1, it may be possible to obtain more general
logarithmic terms caused by the composition of the metric and minimal surface deformations. We
leave this issue as a future work.
4 Relevant deformation in the strong coupling regime
In Sec. 2, we showed that a relevant operator with ∆ = (d+ 2)/2 provides an additional logarithmic
term in a free fermion theory. In order to understand the deformation of a strongly interacting CFT,
we need to take into account the dual gravity theory according to the AdS/CFT correspondence. In the
AdS/CFT context, the relevant deformation operator can be realized by introducing an appropriate
massive scalar field to the AdS geometry. In this case, the gravitational backreaction of the scalar
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field modifies the inside geometry which is associated with the IR deformation of the dual CFT. If the
mass of the scalar field is given by mφ, the conformal dimension of the dual operator is determined
from
m2φ = ∆(∆− d) . (31)
When we take m2φ = −3 for d = 4, the dual operator represents a scalar operator with ∆ = 3. If a
fermion field, q, in a four-dimensional CFT has no anomalous dimension, a possible candidate of the
operator with ∆ = 3 may become Oq = q¯q. Its vacuum expectation value (vev) is called the chiral
condensate, σ = 〈Oq〉, which has been widely studied in the holographic QCD model to understand
the chiral symmetry breaking effect [48, 49, 50, 51, 52, 53, 54]. For d = 3, on the other hand, we need
to take m2φ = −5/4 for generating a logarithmic correction because it corresponds to a scalar operator
with ∆ = 5/2.
Assuming that φ in (24) depends only on the radial coordinate, then the relevant deformation
operator we consider does not affect the asymptotic geometry. In this case, the scalar field for d = 4
has the following perturbative solution [53, 54, 55, 56]
φ(z) = mqz (1 + · · ·) + σz3 (1 + · · ·) . (32)
Here, mq behaves as a source of Oq and corresponds to the current quark mass. This fact becomes
clear when regarding the on-shell action of the scalar field∫
d4x mq q¯q, (33)
which is the exact same as the relevant deformation given in (10). The gravitational backreaction of
this scalar field does not break the Poincare symmetry of the boundary space because it depends only
on the radial coordinate. Therefore, the most general ansatz including the gravitational backreaction
is given by the following form
ds2 =
1
z2
[
f(z)
(−dt2 + d~x2)+ dz2 ] . (34)
Note that since the mass deformation is proportional to φ2, the deformed theory should be invariant
under φ → −φ. In other words, the theory we considered should be invariant under mq → −mq and
σ → −σ.
Requiring that the above metric reduces to AdS in the asymptotic region, f(z) should approach
to 1 at the boundary z = 0. Together with this constraint, the perturbative solution satisfying the
equations of motion
0 = κ2f
(
3φ2 − z2φ′2)− 6z (zf ′′ − 3f ′) ,
0 =
6f ′2
f2
− 3κ
2φ2
z2
− 24f
′
zf
− κ2φ′2,
0 = 2z2f ′φ′ + f
(
3φ+ z(zφ′′ − 3φ′)) , (35)
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is given by [53, 54]
f(z) = 1− κ
2
6
m2qz
2 +
1
36
(
κ4m4q − 9κ2mqσ − 3κ4m4q log z
)
z4 +O(z6),
φ(z) = mqz +
(
σ +
1
3
κ2m3q log z
)
z3 +O(z5). (36)
From this perturbative solution one can find an exact numerical solution, which generally yields
a singularity at the center, z = ∞. This fact indicates that this solution is IR incomplete. However,
since the logarithmic term we are interested in is insensitive to IR details [32, 37], the above solution is
sufficient to study the logarithmic correction. Nevertheless, it still remains as an interesting question
to figure out IR physics. One way to get rid of the IR incompleteness is to introduce higher order
potential terms like λnφ
n (n > 2). In [37], the entanglement entropy for n = 3 has been investigated.
In the UV region, higher order potential terms usually generate higher order corrections and do not
contribute to the logarithmic correction. On the contrary, they play a crucial role in the IR regime.
In the present paper, we do not discuss on the IR completion although it deserves to study further its
effect in the IR regime.
4.1 Entanglement entropy in a strip
Let’s consider the entanglement entropy in a thin strip. Suppose that a CFT is defined in a regularized
spatial volume
− L
2
≤ x1, x2, x3 ≤ L
2
, (37)
and that the total system is divided into a subsystem and its complement. When the strip is repre-
sented as
− l
2
≤ x1 ≡ x ≤ l
2
and − L
2
≤ x2, x3 ≤ L
2
, (38)
the holographic entanglement entropy can be measured by the area of a minimal surface extended
in the AdS space [9, 10]. In this case, the boundary of the minimal surface has to coincide with the
entangling surface of the strip. Then, the minimal surface is governed by the following action
A =
∫
d3x
√
h. (39)
Here hµν indicates an induced metric on the minimal surface
ds2in =
1
z2
[(
f(z) + z′2
)
dx2 + f(z)dx22 + f(z)dx
2
3
]
, (40)
where the prime means a derivative with respect to x. Due to the symmetry under x → −x, the
minimal surface has a turning point at x = 0. If we denote this turning point as z∗, the following
relation is automatically satisfied at the turning point
z′
∣∣
z=z∗
= 0. (41)
9
From this fact, the conserved quantity leads to the following first order differential equation which
relates the turning point to the width of the strip,
z′ =
z3
∗
f(z)2
z3 f(z∗)3/2
√
1− z
6 f(z∗)3
z6
∗
f(z)3
. (42)
Substituting this relation back into the action, the area of the minimal surface is rewritten as the
integral form
A = 2L2
∫ z∗
ǫ
dz
f(z)
z3
1√
1− z6 f(z∗)3
z6
∗
f(z)3
, (43)
where ǫ is introduced as a UV cutoff and the range of z is restricted to ǫ ≤ z ≤ z∗.
Since the logarithmic correction appears in the UV region as mentioned before, it is sufficient to
consider only the limit with mqz∗ ≪ 1 and σz3∗ ≪ 1, where the minimal surface is extended only in
the UV region. Taking this limit implies that we take into account a very thin strip with mql ≪ 1.
The existence of small parameters makes the perturbative calculation possible. From (42) the strip
width is determined in terms of z∗
l = 2
∫ z∗
0
dz
(
z3√
z6
∗
− z6 −
κ2m2q
(
z9 + z7z2
∗
+ z5z4
∗
− 3z3z6
∗
)
12(z4 + z2z2
∗
+ z4
∗
)
√
z6
∗
− z6 + · · ·
)
=
√
πΓ
(
5
3
)
2Γ
(
7
6
) z∗ − 0.039κ2m2q z3∗ + · · · . (44)
Rewriting z∗ in terms of l gives rise to
z∗ =
2Γ
(
7
6
)
√
πΓ
(
5
3
) l − 0.071κ2m2ql3 +O (m4ql5) . (45)
Similarly, the area of the minimal surface can be expanded into
A = L2
∫ z∗
ǫ
dz
2z3
∗
z3
√
z6
∗
− z6 − L
2m2qκ
2
∫ z∗
ǫ
dz
z3
∗
(
5z4 + 2z2z∗
2 + 2z∗
4
)
6z (z4 + z2z∗2 + z∗4)
√
z∗6 − z6
+ · · ·
=
L2
ǫ2
− L
2m2qκ
2
3
log
z∗
ǫ
−
√
πL2Γ
(
5
3
)
4z20Γ
(
7
6
) − 0.172L2m2qκ2 +O(m4qz4∗). (46)
Finally, the resulting entanglement entropy reads in terms of l
S ≡ 2πA
κ2
=
πAΣ
κ2ǫ2
+
πm2qAΣ
3
log (mqǫ) +O(1), (47)
where AΣ = 2L
2 means the area of the entangling surface. The first divergent term comes from
the undeformed CFT, while the second corresponds to the first correction caused by the relevant
deformation. Similar to the free fermion case, the above result shows that the relevant operator
with the specific conformal dimension generates a similiar logarithmic correction even in a strongly
interacting CFT
δS =
π
3
m2qAΣ log (mqǫ) . (48)
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This additional correction was called a universal logarithmic term in that it is always proportional to
the entangling surface area unlike the one associated with the central charge in (6) [30, 31, 32, 33, 34,
35]. Note that this result is coincident with the result in [37] and parameters we used are related to
those in [37] by δ = mqǫ
2 and mq = λµ.
4.2 Entanglement entropy on a disk
In general, the logarithmic term related to the A-type central charge significantly depends on the
dimension and shape of the entangling surface. So we can ask how the additional logarithmic correction
caused by the specific operator relies on properties of the entangling surface. In order to understand
such dependencies, in this section, we will investigate the entanglement entropy contained in a disk
instead of a strip.
For regarding a subsystem defined in a disk, it is more convenient to take the following metric
form due to the rotational symmetry
ds2 =
R2
z2
[
f(z)
(−dt2 + dρ2 + ρ2dΩ22)+ dz2 ] , (49)
where dΩ22 denotes a metric of a two-dimensional unit sphere. Then, a disk (more precisely, three-
dimensional ball) can be represented as
0 ≤ ρ ≤ l and z = z(ρ). (50)
Using this parametrization, the action describing a minimal surface is reduced to
A = Ω2
∫ l
0
dρ
ρ2f(z)
z3
√
f(z) + z′2. (51)
Since this action explicitly depends on ρ, there is no conserved quantity under the translation in the
ρ direction. Thus, the conservation law cannot be applied directly. Instead, we can use the known
solution, z0(ρ), in the pure AdS geometry [9, 10, 26, 27]. Using dimensionless small parameters, mql
and σl3, the deformed minimal surface near the known solution can be expanded into
z(ρ) = z0(ρ) +mql z2(ρ) +m
2
q l
2 z2(ρ) + · · · , (52)
where terms involving σl3 appear at higher orders.
At leading order, the action reduces to
A0 = Ω2
∫ l
0
dρ
ρ2
z30
√
1 + z′20 , (53)
and describes the minimal surface area of the undeformed theory. Its equation of motion reads
0 = 3r
(
z′20 + 1
)
+ z0
(
rz′′0 + 2z
′3
0 + 2z
′
0
)
. (54)
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It has been known that this equation allows a solution corresponding to a geodesic of a particle in the
AdS space [9, 10], which is given by
z0 =
√
l2 − ρ2. (55)
This solution satisfies the following two boundary conditions, z0(l) = 0 and z
′
0(0) = 0. The former
indicates that the boundary of the minimal surface lies at z = 0, while the latter is required to make
the minimal surface smooth at the turning point, ρ = 0. Because of the fixed entangling surface and
the smoothness of the minimal surface, the deformed minimal surface should also satisfy the same
boundary conditions. This fact plays an important role in determining all higher order corrections
uniquely.
At mql order, the action is given by
A1 = mql Ω2
∫ l
0
dρ
r2
(
z0z
′
0z
′
1 − 3z′20 z1 − 3z1
)
z40
√
1 + z′20
. (56)
At this level, z1 is not fixed because there is no kinetic term. To determine it we should go to the
next order. The action at m2ql
2 order consists of three parts
A2 = A20 +A21 +A22, (57)
A20 = −m2ql2 Ω2
∫ l
0
dρ
κ2ρ2
(
3l2 − ρ2)
12l3 (l2 − ρ2) , (58)
A21 = m
2
ql
2 Ω2
∫ l
0
dρ
ρ2
(
12l4z21 + 6l
2ρ
(
l2 − ρ2) z1z′1 + (l2 − ρ2)3 z′21 )
2l3 (l2 − ρ2)3 , (59)
A22 = −m2ql2 Ω2
∫ l
0
dρ
ρ2
(
l2ρ
(
l2 − ρ2) z′2 + 3l4z2)
l3 (l2 − ρ2)5/2
, (60)
where the leading solution in (55) is used. Above the first represents the contribution from the metric
deformation, while the remaining are related to the first and second order deformations of the minimal
surface. From (59), the equation of motion for the first order minimal surface deformation reads
0 =
(
l2 − ρ2)2 (ρz′′1 + 2z′1)− 3l2ρz1, (61)
which allows the following solution
z1 =
c1(l − ρ)2
ρ
√
l2 − ρ2
+
c2√
l2 − ρ2
. (62)
To satisfy z1 = 0 at ρ = 0, c2 must vanish. In addition, c1 should also be zero because z
′
1 diverges
at ρ = 0. Thus, there is no nontrivial z1 satisfying the above two boundary conditions which is
consistent with the previous symmetry description. As mentioned before, the theory we consider
should be invariant under φ→ −φ. Thus, the terms with an odd power in (52) should automatically
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vanish. As a result, there is no entanglement entropy change caused by the first order minimal
surface deformation which has already been argued in [37]. This automatically implies A1 = A21 = 0.
However, the terms with an even power can still survive and give rise to a nontrivial contribution to
the entanglement entropy.
Now, let us consider the second order minimal surface deformation described by z2. At m
2
ql
2 order,
the remaining terms are
A2 = A20 +A22. (63)
Here, the first represents the contribution from the metric deformation studied in [37], while the second
is related to the second order deformation of the minimal surface. Since the second order minimal
surface deformation occurs at the same level as the metric deformation causing the logarithmic term,
it would be interesting to ask whether the second order minimal surface deformation can provide an
additional logarithmic correction. To do so, let us first find the solution of z2. Note that z2 is not
fixed from A22 because it does not contain a kinetic term. Thus, we need to look into the m
4
q l
4 order
terms for obtaining the equation of motion of z2. At quartic order the equation of motion reads
0 = 3l2ρ
(
l2 − ρ2)2 z′′2 + 6l2 (l2 − ρ2)2 z′2 − 9l4ρz1 + κ2ρ3 (l2 − ρ2)3/2 . (64)
An exact solution of this inhomogeneous differential equation is given by1
z2(ρ) =
c3(l − ρ)3/2
ρ
√
l + ρ
+
c4√
l2 − ρ2
+
κ2
(
12l3(l − ρ)2 tanh−1 (ρl )− ρ (−24l4 log(l + ρ) + 12l4 + 4l2ρ2 + ρ4))
36l2ρ
√
l2 − ρ2
. (65)
In order for this solution to describe a well-defined minimal surface, it should satisfy previous two
boundary conditions. The first one, z2(l) = 0, determines c4 as
c4 =
[
17
√
2− 24√2 log(2l)] κ2l2
36
√
2
, (66)
and the other, z′(0) = 0, fixes c3 to be zero. Near the asymptotic boundary, the first correction of the
minimal surface deformation reads
z2 ≈
κ2(l − ρ)3/2 (−13√2 + 6√2 log 2− 6√2 log(l − ρ) + 6√2 log l)
72
√
l
. (67)
Using these solutions, the fermion mass leads to the deformation of the minimal surface area,
A = A0 +A20 +A22, up to m
2
ql
2 order. Rewriting it in terms of x = l − ρ, we reach to
A0 = Ω2
∫ l
x∗
dx
l − x
4x2
+O(1),
1We thank N. Kim for noting that there exists an analytic solution.
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A20 = −m2ql2Ω2
∫ l
x∗
dx
κ2
12x
+O(1),
A22 = −m2ql2Ω2
∫ l
x∗
dx
κ2
24x
+O(1), (68)
where the lower bound, x∗, is introduced to denote a UV cutoff in the x-direction which is associated
with the UV cutoff in the z-direction, ǫ. To understand their relation, let us recall that the full solution
can be approximated by z ≈ √2lx. From this, we can derive the following relation
x∗ =
ǫ2
2l
+O(ǫ4), (69)
where the effect of z2 appears at ǫ
4 order. Up to ǫ2 order, the entangling surface area reads
A0 =
l2Ω2
2ǫ2
− Ω2
2
log
(
l
ǫ
)
+O(1),
A20 =
1
6
κ2m2ql
2Ω2 log (mqǫ) +O(1),
A22 =
1
12
κ2m2ql
2Ω2 log (mqǫ) +O(1). (70)
Above A0 is associated with the entanglement entropy of the undeformed CFT
S0 ≡ 2πA0
κ2
=
πl2Ω2
κ2ǫ2
− πΩ2
κ2
log
(
l
ǫ
)
+O(1). (71)
After setting δ = mqǫ
2 and mq = λµ as mentioned before, A20 caused by the metric deformation is in
agreement with the result in [37] for d = 4 and α = 1 (or m = 2). Above A22 shows a new logarithmic
contribution generated by the second order minimal surface deformation. As a consequence, the final
logarithmic correction caused by the relevant deformation becomes
δS =
2π
κ2
(A20 +A22) =
π
2
m2qAΣ log (mqǫ) , (72)
where the area of the entangling surface is given by AΣ = l
2Ω2. This result is exact since there is no
more logarithmic correction from higher order deformations.
4.3 Logarithmic correction to a three-dimensional CFT
There is no logarithmic term related to the central charge in an odd dimensional theory, whereas the
additional logarithmic correction caused by a relevant deformation exists even in an odd dimension.
In this section, we will study such an additional logarithmic correction in an odd-dimensional strongly
interacting CFT. To do so, let’s consider a holographic dual of a three-dimensional CFT. For obtaining
a logarithmic correction, we take into account a scalar field with the mass, m2φ = −5/4. Then, the
resulting metric and the scalar field satisfying all equations of motion near the boundary are given by
ds2 =
1
z2
[
f(z)
(−dt2 + dx21 + dx22)+ dz2 ] ,
φ(z) = d1z
1/2 − 3
16
d31κ
2z3/2 +
(
d2 − 27
256
d51κ
4 log z
)
z5/2 + · · · , (73)
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with
f(z) = 1− 1
4
d21κ
2z +
13
128
d41κ
4z2 − z3
(
113d61κ
6
3072
+
5
18
d1d2κ
2 − 15
512
d61κ
6 log z
)
+ · · · , (74)
where d1 and d2 are two undetermined integration constants. The dual operator of the scalar field
has the conformal dimension ∆ = 5/2. Following the AdS/CFT correspondence, d1 and d2 can be
interpreted as the source and the vev of the dual operator respectively.
When we put a subsystem into a strip represented as
− l
2
≤ x1 = x ≤ l
2
and − L
2
≤ x2 ≤ L
2
, (75)
the turning point is given in terms of l
z∗ = l
(
3Γ
(
5
4
)
2
√
πΓ
(
7
4
) − 27κ2Γ
(
5
4
)3
(−2K(−1)− 1 + 2E(−1))
64π3/2Γ
(
7
4
)3 d21l +O (d31l3/2)
)
, (76)
and the area of the minimal surface reads
A =
2L
ǫ
− 4πLΓ
(
7
4
)2
9Γ
(
5
4
)2 1l
−d
2
1lκ
2L
8
(
2 log l − 2 log ǫ+ 1 + log 2 + 2 log
[
3Γ
(
5
4
)
2
√
πΓ
(
7
4
)
)]
1
l
+O
(
d31l
3/2
)
, (77)
where E(x) and K(x) imply two complete elliptic integrals, E(−1) = 1.9101 and K(−1) = 1.31103.
The first line in (77) is the minimal surface area of the undeformed theory, while the remaining is the
contribution from the relevant deformation. This result shows that, as expected, the operator with
∆ = 5/2 in a three-dimensional CFT gives rise to a logarithmic correction
δS =
π
4
d21AΣ log
(
d21ǫ
)
, (78)
where AΣ = 2L is the area of the entangling surface.
Now, let us turn into a subsystem in a disk. The minimal surface bordering on the entangling
surface has the following induced metric
ds2in =
1
z2
[(
f(z) + z′2
)
dρ2 + f(z)ρ2dθ2
]
. (79)
If the radius of the entangling surface is denoted by l, the area of the minimal surface is reduced to
A = 2π
∫ l−ρ∗
0
dρ
ρ
√
f(z)
z2
√
f(z) + z′2, (80)
where ρ∗ denotes a UV cutoff in the ρ coordinate which is related to the UV cutoff in the z-direction.
Its equation of motion reads
0 = 2fρzz′′ + 2zz′3 + 4f2ρ+
(
4fρ− 3ρzf ′) z′2 − 2fρzf ′ + 2fzz′. (81)
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In order to solve this equation perturbatively in the d21l ≪ limit, let’s take the following ansatz
z(ρ) = z0(ρ) + d1l
1/2 z1(ρ) + d
2
1l z2(ρ) +O(d31l3/2). (82)
The first term is the solution of the undeformed theory which is again given by z0 =
√
l2 − ρ2. The
first correction, z1(ρ), vanishes due to the invariance under d1 → −d1 as mentioned before. At d21l
order, the second correction, z2 satisfies
0 = z′′2 +
(
l2 − 2ρ2)
ρ(l2 − ρ2) z
′
2 −
2l2
(l2 − ρ2)2 z2 +
κ2
(
3ρ2 − 2l2)
8l(l2 − ρ2) . (83)
This differential equation yields the following exact solution
z2 =
d3√
l2 − ρ2
+ d4 +
d4l
[
log ρ− log
(
l2 + l
√
l2 − ρ2
)]
√
l2 − ρ2
+
3κ2l2
32
√
l2 − ρ2
+
κ2ρ2
16l
− 3κ
2l
16
+
κ2l2 log l log ρ
8
√
l2 − ρ2 +
1
16
κ2l log
(
l2 − ρ2)+ κ
2l2 log
(
l2 − ρ2) log( l√
l2−ρ2+l
)
16
√
l2 − ρ2
−
κ2l2Li2
(
ρ2
l2
)
32
√
l2 − ρ2
−
κ2l2Li2
(
−
√
l2−ρ2
l
)
8
√
l2 − ρ2
, (84)
where Li2(z) =
∑
∞
k=1
zk
kn indicates a polylogarithm function. Two required boundary conditions
determine two integration constants to be
d3 =
1
192
κ2l2
(−48 log2 l + π2 − 18) ,
d4 = −1
8
κ2l log l. (85)
Substituting these solutions into (80), the minimal surface area near the asymptotic boundary is
expanded into
A =
2πl
ǫ
+
(
1
4
+
1
12
)
πlκ2d21 log
(
d21ǫ
)
+O(1), (86)
where ρ∗ =
ǫ2
2l was used. Above the first comes from the undeformed theory, whereas the logarithmic
corrections are caused by the metric and minimal surface deformation. The first logarithmic correction
is due to the metric deformation which is in agreement with the result in [37] when identifying δ = d21ǫ
2.
The second is the contribution from the second order minimal surface deformation. Recalling that the
circumference of the disk is given by AΣ = 2πl, the exact logarithmic correction in the deformed CFT
is given by
δS =
π
3
d21AΣ log
(
d21ǫ
)
. (87)
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5 Discussion
In a strongly interacting CFT which has an AdS dual gravity, we have investigated logarithmic cor-
rections caused by relevant deformation operators. To do so, we considered a massive scalar field
dual to an operator with a conformal dimension ∆ = d+22 and studied the dual geometry including its
gravitational backreaction. In general, a relevant operator alters both the metric and minimal surfaces
which usually cause the change of the holographic entanglement entropy. It has been well studied in
[37] how the metric deformation gives rise to a logarithmic correction. In this work, we have focused
on a logarithmic term caused by the minimal surface. Through the explicit calculation of the entan-
glement entropy in a disk-shaped region, we showed for n = 1 that the second order minimal surface
deformation leads to an additional logarithmic correction. In this case, there is no more logarithmic
term caused by higher order metric and minimal surface deformations, our results are exact.
For a general n, in addition to the logarithmic term caused by the metric deformation we can
expect an additional logarithmic term generated by the 2n-th order minimal surface deformation.
Furthermore, it seems to be possible to get more general logarithmic corrections from the combinations
of the metric and minimal surface deformations. We hope to report some results on this issue in future
works.
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